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VIL. 4 Method of finding the Latitude of a. Place, by Means of

two Altitudes of the Sun and the Time elapsed betwixt the

Observations. By the Rev. W. Lax, 4: M. Lowndes’s Pro-

Jessor of Astronomy in the University of Cambridge.

Read January 10, 1799.

I nork the following method of determining the latitude, by
means of two altitudes of the sun and the time elapsed betwixt
the observations, will be found not less convenient for nautical
purposes than the rules which are commonly employed. But
I would rather recommend it in those cases where rigid accu-
racy is required, and the astronomer is provided with no better
instrument for taking the sun’s altitude than a HApLEY’s sextant
of the most improved construction. The process will be neither
difficult nor tedious; and, if the observations are made with
proper exactness, I conceive the latitude will generally be ob-
tained within a few seconds of the truth. With these expecta-
tions, I have ventured to reduce the method into its present
form; and submit it, with the utmost deference, to this learned
Society. | |
In the spherical triangle, whose sides are the complements of the
latitude, declination, and altitude, let = represent the angle at the
pole,and ¢ its tangent; Z the azimuth, and T its tangent; L the la-
titude, and » its cosine, radius being unity; then, if the altitude and
declination remain constant, we shall have L = AT 2, and, con-
sequently, L will vary as T #, when the increment of a, com-
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pared with A itself, is inconsiderable. Hence, if the abscisse of
the curve ABCD (fig. 1.) be always pro- Fre. 1.
portional to %, and its ordinate to T, the area D
G B intercepted betwixt any two of these or-
dinates may represent the increment of the
latitude corresponding to the increment of the
time EG. Let abcd (fig. 2.) be another
curve, whose abscisse ae is always equal to
AE in the preceding ﬁgure, but whose ordi-
nate eb is proportional to #, the tangent of
the hour-angle; then will the area gb vary
as GB, at small distances from the meridian,
and, of course, may represent the increment
of the latitude. Now, to prove this, we have
only to shew that T and #, when both are
small, bear to each other a given ratio. © /¢
Let $ and £ be the sine and cosine of the azimuth; s and «

Fig. 2.

¢ {8

the sine and cosine of the angle at the pole; then will :f-:- =7.

: +1T and - ——é 2 + a s 7 __E—,¢nd & = 5— But, since the
,complemcnts of the dec]manon and altitude remain constant,
whilst the latitude is made to vary, $ will be to s as S to s;

and, therefore, we shall have -:—11:— : —;—:: }S: x - “,;Tz: — x - 't a

1-4-T":1 4 ¢ :: the square of the secant of the azi-
muth the square of the secant of the hour—anO'Ie, which may
be considered as a ratio of equality, when the angles arc very

small. The fluxions, therefore, of the tangents are as the tan-

gents themselves ; and, consequently, they must always preserve
the same ratio towards each other. Let us now suppose that
Le
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‘an altitude of the sun is taken 4t the distance ae from the meri-
dian, but that, in consequence of an error in the assumed latitude,
the calculated time is ‘a g ; and that, thh a lat.- dlffermg from

 the former by one minute, we compute again, and;: the time is

found equal to af; then will the area g¢ be to gb as one mi-
nute to the whole error in latitude. * Let another altrtude be -
taken at the distance ae from noon, and let the times com-
puted with the two different latitudes that were employed be-

fore be ag and af; then, in this casé 11kew1se, the area gc will

be to the area gb, as one ‘minute to the error in latltude. Now

sy

the latter curve is the « figura tangentium, whose quadrature
1S glven by Corks, in his Harmonia Mensummm, and the ex-
pression for Wthh is extremely sllnple. For the fluxion of the
area is = + — > and the area. itself :log + = log. se-
cant of the angle at the pole. The difference of the log. secants,
or log. cosines, will of course be equal to the area intercepted
betwixt the tangents which correspond to them.

Hence a table might easily be constructed with a double argu-
ment,—the distance from noon, and the variation in time arising
from the different suppositions of Iatitude,—which might imme-
diately exhibit the logarithm of the area corresponding to any
particular base eg supposed to be given. A second table might
have for its argument the difference of the logarithms of the area
gb and the area g¢, (which is likewise conceived to be known )
and discover at once, in degrees, minutes, and seconds, the cor-
rection to be made in they assumed latitude. This correCtion, as it
- appears from a comparison of the signs of L and % in the equa-
tion L =T %, must be added or subtracted, accordmg as the

distance from noon obtained by computation is too great or too.
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little, when the azimuth is less than go degrees; but the con-
trary, when the azimuth exceeds a right -angle.” Tables of the
above description shall be: constructed, if this method be re-
ceived with approbation; and, in the mean time, it is proposed
to subjoin a short specimen which is already completed.

I have presumed that we are able ‘to determine eg, the error
in time arising from an error in the assumed latitude, ‘at-either of
the observations and hence it becomes necessary, before we can
avail ourselves of the principles which- have been laid down, to
point out the manner in which this may: be accomplished. - The
clock gives us the whole interval betwixt:the observations (sup-
posed to be made on different sides of the meridian) equal to
ae 4 ae, and by computation we. obtain ag -+ ag, and
thence we deduce eg 4 eg the whole error in time. Now the
area g b is equal to gb; and therefore, if we make a rough divi-
sion of the whole error, without any regard to accuracy, in the
inverse ratio of the hour-angles at the two observations, and,
entering the first table with these times, mark the area corre-
sponding to each at:their respective distances' from noon, and
increase the one and diminish the other equally, till we get the
areas of the same magnitude, this, we may conclude, is the pro-
per value of each.

If the table were constructed to every second of time, we
might ascertain these logarithmic areas merely from inspection ;
but; as it will be advisable to confine it within narrower limits,
“we shall sometimes find it necessary, as in -other tables, to
deduce their ultimate value by the rule of. three. When 'wek
have increased one portion of time and diminished the other, till
the diﬂ"erence of their corresponding areas becomes a minimum,
we must divide this difference betwixt them, in the proportion of
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their respective increments in the next interval of time, and sub-
tract or add the part assigned to each, according as it is
greater or less than the other. The table, however, might
easily be carried to such an extent, that exactness in this division
could never be required; but, on the contrary, it would be quite
sufficient, when the hour-angles were nearly equal, to add the -
areas together, and take half the sum for the value of each.
From these principles may be deduced the following practical
rule for determining the latitude of a place. When the sun
comes within fifteen degrees of the meridian, in the morning, let
his altitude be taken, and the time of the observation be accurately
marked ; and let another altitude be taken after he has passed
the meridian, whilst his distance from it is less than fifteen de-
grees; and let the time of this observation likewise be noted.
Then, with the supposed latitude of the place, compute the times
corresponding to each of the altitudes in terms of the log. cosi
of the hour-angle, and take the difference of the intervals,
shewn by the clock, and determined by calculation, and divid
it betwixt the observations in' the manner explained above.
Compute the log, cosine of the hour-angle a second time, with
the greatest altitude and the latitude increased or diminished by
a minute, according as it appears, from a comparison of the
intervals, to have been too little or too great; and take the dif-
ference betwixt this log. cosine and that which resulted from the
first operation, when the same altitude was employed. Having
thus obtained the two areas gb and g¢, we must subtract their
logarithms from ‘each other, and with their difference entering
the second table we shall find the degrees, minutes, and seconds,
by which the assumed latitude is to be increased or diminished.
It will be needless, perhaps, to suggest that, in the higher
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latitudes, we may extend the limits above specified a few degrees
farther from the meridian, without offering any material violence
" to the theory, as it has hitherto been explained; and that, on
the other hand, when the declination and latitude are nearly
equal and of the same denomination, it will be expedient to
confine our observations within a much shorter distance from
noon. But it will afterwards be demonstrated that, whatever be
the magnitude of the hour-angles, or however nearly:the lati-
tude and declination may approach towards each other, we
can always secure, with very little additional trouble, an exact -
conclusion.

We may remark that the latitude, determined in this man-
ner, will be nearly equivalent, in point of accuracy, to the mean
result of two meridian altitudes. For we know that the incre-
ment of latitude : increment of altitude : : radius : cosine of azi-
muth; and, since the cosine of a small angle differs so little
from the radius, this may be considered, within the limits
which I have prescribed, as a ratio of equality. - If, therefore,
one altitude of the sun were taken, and we could ascertain the
error in time arising from an error in:the assumed latitude
without the aid of a second observation, the latitude would be
discovered with nearly the same precision as if it had been de-
duced from the meridian altitude. ~ But, by ‘means of a second
observation made on' a different side: of noon, we obtain a
second error in time of the same kind; and this being added
to the former, and their sum divided in a just proportion be-
twixt the two observations, the same effect will be produced,
with respect to the accuracy of the result, as if two latitudes
had been deduced from meridian 4ltitudes, and a mean betwixt
them had been taken.
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I might perhaps be allowed to say more; for I am satisfied,
from experience, that I can take an altitude of the sun with
greater exactness, when he is in any other situation; than-when
he is upon the meridian. - If .we could ascertain, within a few
seconds, or even within a minute, the. time when he attains his
greatest altitude, there would then be no reason why an ob-
servation should not be made with the same degree of cer-
tainty in this, as in other cases; but we are generally obliged
to keep our eye stedfastly fixed, for several minutes, upon the
two images, and it is well known that, in such circum-
stances, the best eyes are apt to be deceived. Besides; it is im-
possible to preserve the contact of the limbs by perpetually
moving the index, whilst the sun continues to ascend so very
slowly. We are compelled to wait till they are evidently sepa-
rated, and then, by one turn of the screw, to bring them into
contact again, which must necessarily bea source of some inac-
curacy. It is for the first of these reasons that, in taking an
altitude of the sun, when he is near the meridian, I have found
it advisable;. not, in the usual manner, to bring the images
almost to touch each other, and then to wait till they actually
do so, but to bring them at once into contact, with such a' de-
\gree of velocity as would make them sensibly overlap, or sepa-
‘rate, whilst the clock beats a second.

But I consider it as one of ‘the principal advantages of this
method, that we can avail ourselves of any number of altitudes,
and, of course, approximate as near as we please to a true
conclusion with so little additional labour. If there be an
equal number of observations made on each side of the meri-
dian, we must combine them together by pairs, according to
the preceding instructions, and thus determine the different
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logarithmic.values of gb. Having then added them all toge-
ther, and taken a mean betwixt them, we have only to com-
pute a single incremental area g¢ with any of the altitudes
and the lat. varied one minute, and, subtracting its log. from
the mean log. value of gb, we shall obtain a very accurate cor-
rection of the assumed latitude. But, if there be more obser-
vations on one side of the meridian than on the other, when all
the pairs have been united, and the areas resulting from them
found, we may combine the supernumerary observations on
either side with any of those which are made on the opposite
side. The properest, however, for this purpose, is the observa-
tion which is made at the least distance from the meridian.

I should hope, moreover, the practical astronomer will think
it a circumstance of some moment, that the principal part -of
the work consists in finding the time, an operation which he is
obliged so frequently to perform. Any of the three methods
which are usually adopted upon this occasion might easily be
applied to the tables which have been described; but I will
venture to recommend a different rule, which I conceive to be
better adapted to our purpose than any of the others, and to
which the directions before given had a particular reference.

Let a be the sine of the altitude; o the cosine of the hour-
angle; d the sine, ¢ the cosine, and r the tangent of declina-
tion; [ the sine, a the‘ cosine, and s the tangent of the latitude.

Then —e—dl _ a dl __ ars rs = a ‘
ey = T T T R T Tars S =g — LTS,
P . ) 3o, s . qe .
when radius is unity, but = 7~ — m*. —, when radius is m
rs’ . s .
= —-x’.into the square of the tangent of the arc whose se-

. amd)\t V i
cant is —s—". Hence we deduce the following rule for deter-

MDCCXCIX. M



82 M. Lax’s Method of finding the Latitude of a Place,

mining the log. cosine of the angle at the pole. From the log.
sine of the altitude increased by three times the log. radius,
subtract the sum of the log. sines of the latit. and declination;
take half of the remainder, and, considering it as thelog. secant
of an arc, find the log. tangent corresponding; multiply this
by 2, and -add the log. tangents of the latit. and declin. and
reject thrice the log. radius; the sum will be the log. cosine of
the angle required. But, when the declin. and latit. are of a
different denomination, it is evident that our expression be-

“ : ) 7 3 " .. i . -
comes m* 4 ——“d—ml-- . —-, which is equal to ==~ x° . into the

: ‘
square of the secant of the arc whose tangent is —- 13‘ . In this

L1 and divided
it by 2, we must consider the quotient as the log. tangent of
an arc, whose log. secant being taken, we are to proceed as in
the former case.

The advantages of this rule are obvious. We obtain the
angle in terms of the log. cosine; and, consequently, when we
have calculated the second time with the new latit. we have
only to subtract one result from the other, and we imme-
diatély determine the area corresponding to' the difference of
the times. Besides, in the second computation, fewer of the
elements are changed by this rule, than by any of those which
are usually employed ; and this is a consideration of much im-
portance. But, if we are disposed to adopt the following
method of ascertaining the incremental area gc, this advantage
will be found still greater. Let us resume the expression

case, therefore, having found the Iog value of =

—dl c 1 —dal—artdIn
y = “5—, and we shall have y = — x ~— (A" be-
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J{fﬁ_ai{-‘dli

» . ’ 1

ing the succeeding value of A) = — X —

dna—alapdPr _ da a—dl A -—:-..'.f_. —. -
5‘1703 — SN T T X TR ' at

(taking » positive instead of negative; as it ought to be when / is

o S—— .

7 r ’:
positive) o — —. —;,— ; and, consequently,—- =1 = 5

y 3 . .
when radius is unity; but == s’ — 2 | '—7:;-—2—, when radius is n2.

Now -~ may be considered as the increment of the hyperbohc
log. of v, and therefore, with its proper modulus, may represent
the area which is the object of our investigation.. We may sup-
pose the other side of the equatlon to be the square of the co-

sine of the arc whose sine is- s:ﬁ F x°. into the increment of
the hyperbolic log. of A, divided by the square of the radius;
and if, instead of taking this log. with the hyperbolic, we take
it with Brices’s modulus, we must then consider -7;— as the in-

crement of the log. of v, according to the same system. But

~e

—- being equal to —s;n—Lz— (when L is only one minute), it will vary
as s; and, therefore, if its value be determined according to
Brices’s system, when s is equal to radius, and be denominated
v, its value in any other case will be expressed by—%n—s—

Hence, to obtain the log. of the area g, the quantity with
which we are lmmedlately concerned we must find the log.

value of £ -—f——, and divide it by 2; we must then take out the

log. cosine of the arc whose log. sine is equal to the quotient;

and, having multiplied it by 2, we must add the product to the

constant log. of v (g,1015), and the log. tangent of the sup-
M2
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rmd

posed latitude, rejecting thrice the log. radius. But, if

be greater than radius,. which must necessarlly be the case
when the azimuth is greater than a right angle, we must then

cons1der—;—7-3 — m* as the square of the tangent of the arc

whose secant is fnﬂ%,' observing in other respects the direc-
tions before given. The quahtiﬁes rand s are both employed
in the first computatlon, from the result of which we also ob-
tain y; and, consequently, this operation will not be attended
with much trouble,

The above instructions, it 1s manifest, are given upon the
supposition of r and s 'having the same sign; but, if the declin.
and latit. should not be of a similar denomination, then will

s . .
—=, and ‘we must consider

m* + = T a5 the square of the secant whose corresponding

x
tangent is ’;’:3 *.  With this exception, the process will be

the same as when the tangents r and s are both affirmative.
The preceding formula naturally suggests to us another
method of finding the log. area g¢; and, as some perhaps
may think this more eligible than either of the former, I shall
take the liberty of explaining it. When the latit. is given, the
area GC, it is obvious, must invariably preserve the same mag-
nitude at all distances from the meridian and, consequently,
the area gc, which is proportional to it, must likewise remain
constant. If, therefore, we can ascertain this area when the
hour-angle is supposed to vanish, we may employ it when
the sun is at any distance from noon. = Let us now conceive
the declin. to be equal to nothing; then will our expression
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for the area g¢ become —’-;—, and, consequently, (since the tan-
gents of the azimuth and hour-angle vanish in the ratio of

their sines, or of the sines of the opposite sides in the triangle

“alluded to before,) we shall have the area GC = -;";-"-l’-, when the

sun is upon the meridian. But this area is always the same
when the latitude is given, whatever be the sun’s declination,

and therefore may always be represented by AA"Z =2 m‘ 2 ’;’ A

= =2 ; and the area gé will be generally expressed by == x

cos. of merid. altit.
cos. of declin,

which have been recommended. Hence, if we add ‘together
the constant log. g,1015, the log. radius, and the log. cosine of
the meerid. altitude, and subtract from their sum the log. cosines
of the latit. and declin. we shall obtain the log. value of gc.

It will be necessary, perhaps, to meet an objection which
some may be inclined to urge against the method of deducing
the hour-angle in terms of the cosine, when this angle is very
small. But it should be recollected, that with the angle itself
we have no immediate concern, the accuracy of our conclusion
depending entirely upon the accuracy with which the area cor--
responding to any particular increment of time can be deter-
mined. Now this area, whatever be the sun’s distance from
the meridian, will be nearly proportional to the increment of the
latit. and, consequently, its magnitude is totally unconnected
with that of the hour-angle. A given error in the quantity
which expresses this area will equally affect our conclusion,
whether the angle be 2, or whether it be 20 degrees. But let
us inquire what effect will actually be produced, by admitting

» when the hour-angle does not exceed the limits
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an error of half an unit in each of the log. cosines whose dif-
ference is equal to the area gc; and, of course, in some
instances, an error of an unit in the area itself, upon any parti-
cular supposition of latit. and declin. We have only to-ascertain
the ratio which this area bears to unity; for the same ratio
will the correction of the latit. bear to the error in our re-
'sult. If the latit. for instance, be 40° and the declin. 10°, on
the same side of the equator with the latit. then, radius being

unit§.r, % (the increment of the hour-angle) will equal -—qu-:
= = —~ == (& being the sine of the hour-angle, and «
cos. 50°x i

E A
A gi_ g
cos. §0° x g

the cos. of the altlt) = 11 minutes nearly,

when % is 5°; and we have seen that, at any other dis-
tance from the meridian, the incremental area will be. of the
same magnitude. Hence, subtracting the log. cosine of 5°
from that of 5° 11’ o”, we get the difference equal to 1238;
and, consequently, the error in our approximation will be to the
error in the assumed latit. as 1: 1238, when the log. cosines
are carried to seven places of decimals.

But, when the zenith distance of the sun, at his greatest
altit. is very small, and there is moreover a considerable uncer-
tainty with respect to the latit. this error will probably become
of more importance, and we may find it necessary to guard
against it. Now it is manifest that, by diminishing the mul-
tiple which the area gb is of the area gc¢, exactly in the same
proportion we shall diminish this error; and I shall afterwards
‘explain in what manner it may be accomplished. The same
expedient is also calculated to prevent another species of inac-
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curacy, to which, under similar circumstances, our process is
liable.

If we are desirous of knowing how much our conclusion is
affected by substituting the tangent of the hour-angle for the
tangent of the azimuth, it may be done with the greatest faci-
lity. We have seen, that the area GC (fig. 1.) is to GB as one
minute to the error in the assumed latitude. But our method
supposes that g¢ (fig. 2.) is to gb as one minute to the correc-
tion required; and we must therefore estimate the difference
betwixt these ratios, in order to ascertain how far the ap-
proximation is inaccurate. Let EG=m x FG; and then,

since GC may. be considered as = GD+FC x FG, and GB

—.GD+EB GD + EB
z x EG = ——

GD 4 EB —
e T (accordmg to the notation employed

2T = mT T
—_———— . ~ % — nearly = the minutes
2T =T T y

x m x FG, the former ratio will

equal

o

above) m .

contained in the’coniputed error of latitude. Their difference

. . - ri‘\ t,——. ym._'l ) I_I.ATZ' St I_l_tz

will equalm . —— . m——=m. 8. 2.
m—1 T*er M1 Tret* + (L ;.

=M T LR EM L —— .L( being

substituted for its equal %) = the minutes contained in the
error of our approx1mat1on. It will be more convenient,
however, to express this difference independently of the
azimuth. Now, preserving the notation before adopted, we

I S — g3  tyda . tyd .
have T == —-= e S T T =TT therefore,
a X .
Ao .
T ¥y ot T ) ¥ lyd—dn
T = dA’and : ‘T*'(-"" Tt) =I=da T Ty
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. PAR=Dlyp2dlydN—d*N ’§‘A2+zdl-y3a-d=7x" -—(d” N
ydxlys—dr  ydxlys—dnr. Y
being rejected, as incomparably less than the sum of the
) p y
y&rt2dl vy+zrs
other terms,) A T =M S ; and, consequently, we
—_ T £ = — . - .
have m.. Z2=1 —e—t—,L,=m.-'" L B 4 S 15RO WV
2 ATt 2 100000 Sy —r1 i

nutes. Hence it appears that, in the latitude of Cambridge,
when the sun’s declination is 2° north, and his distance from
m-—1 I

2 " 4312
nutes of a degree. Let the assumed differ from the true lati-
tude ten minutes, 7. ¢. let m = 10, then will the error amount
to half a second; and, if we suppose m = go, the error will

not exceed four seconds.
If, instead of varying the assumed latitude one minute, we

vary it » minutes, in calculating the area gc, the above ex-

m—1_. 29.n yt2rs
2 100000 " sy—r

the increment of the latitude being, in this case, nL. The

the meridian 5°, this error will be equal to m .-

pression will be transformed into m . ,

error will consequently vary as m . ——— . 7, when the declina-

tion, latitude, and time of observation are given; and, if we
suppose the real to differ from the assumed latitude p minutes,
P

—— e |
t e T e . P »‘ n — p —_—n
this last expression will become -~ . ——.n=p. v,

. - — - . .
which varies as £ —, when p remains constant; and, of course,

the error may be diminished in any proportion by diminishing
this quantity P—;'-'f— Now, the increment of the latitude is al-

ways = AT %; and, therefore, since % is determined by the
process explained above, we have only to ascertain the value of
T, in order to approximate nearly to p. But the sine of the
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and consequently the tangent

azimuth is = -£> ;
may likewise be obtained. Having thus discovered a near value
of p, or of the error in our first assumed latitude, we are enabled
so far to correct it in our second hypothesis; and in a much
greater degree to reduce the error in our conclusion.

As it will sometimes, though not often, be necessary to have
recourse to this expedient, two short tables might be added, in
order to facilitate the operation. The first might contain the
log. cosines to every degree from the 15th to the goth of the
quadrant; and be so contrived, as likewise to exhibit the log.
sine of any arc, as far as the 75th degree, expressed in minutes
and seconds of time; that, byksubtracting the log. cosine of the
altitude from the log. sine of the hour-angle, (the cosine of de-
clination being considered as equal to radius,) we might obtain
the log. sine of the azimuth. This should be made one of the
arguments of the second table; the other being the cosine of the
latitude to every five degrees of the first sixty of the quadrant;
and the table should give us the value of 15 x A 7, which, mul-
tiplied into the minutes contained in the error of time, would
determine with sufficient exactness the quantity p. We might,
indeed, with the same facility, compute the fourth table accord-
ing to the mean value of the cosine of declination, if it could
be supposed that such a degree of precision would ever be
required. ‘

Perhaps it would be advisable for the mariner, in order to
avoid all distinction of cases, to calculate, in every instance, his
incremental area with the lat. varied ten minutes, instead of
one; and then he would always be secure of a result sufficiently
correct for his purpose. In the case supposed above, if the real
MDCCXCIX. N
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were to differ from the assumed latitude go minutes, the error
in his conclusion would not exceed the fourth part of a second.
We must observe, that if # (the approximate value of p, thus
deduced) be the minutes by which the first assumed lat. is
varied in our second hypothesis, we ought to multiply the cor-
rection, after it is taken from the ed table, by this quantity;
but, as 7 is always supposed to be a whole number, the addi-
tional trouble arising from this process can.never be an
object of the smallest consideration. The ed table, however,
may be as conveniently applied to the case, where the lat. is
varied ten minutes, as where it is varied only one. The loga-
rithms which form the argument are the same in both cases,
except that the index in the former is less by unity than in the
latter.
~ Another species of inaccuracy originates in our conceiving
the fluxion of the lat. to vary as T'z, instead of A Tz; and it
may be useful to ascertain how much our conclusion is affected
by this circumstance. We suppose, in fact, that the incre-
ments of the lat. corresponding to the finite times gf and ge
are to each other as the areas g¢ and gb drawn into the co-
sine of the first lat.; whereas, in strict propriety, they are to
each other as the sum of all the elements of these areas drawn
into the cosines of the latitudes belonging to each, 7.e. (if ge
=m x gf ) we consider these increments as being in the ratio

2A4 A 2A4ma

of gc x A:gb x 2, instead of g x === : gb x 222 Hence
274 mA
gb.——— b _ . 3 .
2-——-—-5——-:1%2———1-' —-?—:m.-’-"——f-.sL(rad.,-.-_—.l)
2A4 A g¢ 2 A 2

gC.-f-;-—-



by Means of two Altitudes of the Sun. 91

me—1 2gs

. = the minutes contained in the error pro-
2 100000

=m .

ceeding from this cause. When the real latitude, for instance,
is 52°, and the assumed j1° 50, this error will scarcely amount
to a single second. But, if either the cosine of the latitude
should be so small, or the difference betwixt the supposed and
true latitude so great, as to render this error of any importance,
we may prevent it by the same means that were recommended
in the preceding case. In computing the incremental area 86
we must correct our first hypothesis respecting the latitude
with the assistance of the third and fourth tables; and, for the
reasons assigned above, the cause of this inaccuracy will be
removed.

There is still another part of our process, which will some-
times be the source of a small error. We are directed to dis-
tribute the whole increment of the time betwixt the two obser-
vations, by equalizing the areas corresponding to each in the
« figura tangentium;” whereas they can only be considered as
perfectly equal in the original curve whose ordinates are the tan-
gents of the azimuth. It is supposed, in reality, that g¢ bears
to GC the same ratio which gc bears to GC; or (which is
nearly the same thing) that gd is to GD as gd to GD: we
must therefore estimate the difference betwixt these ratios, and
we shall easily deduce the amount of this error. Let us retain
the notation employed above, and moreover let T" represent the
cosine, and 7 the tangent of the hour-angle at the observation
farthest from noon; A the difference betwixt the hour-angles,

and y the excess of ¢ above I': then, from what has already

gd __ lyd—dnr gd __Ird—d»,
D =5 — ad gy =—55—3

N e

been demonstrated, we have
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consequently, £ 1‘; —_ f;(:) = :lf’; (d being neglected) will express

the part of BG, or BG, (when they are supposed to be very small, )
by which bg exceeds bg. Let this be multiplied.intér%, and it
dly — 7 7

T lyd=da T.sy—r7r
it is greater than bg. But our method of equalizing the areas
will take from bg a portion of this excess bearing to the whole
the ratio of ¢: ¢ 4 73 and, consequently, bg will be made too
7y t rtA mrtA

X = nearly. Hence ——=—
T.sy—r t+7° 2.5y =t Y 2085y —r

will equal = the part of bg itself by which

smell by

will express the minutes contained in the error arising from
this cause.
The same conclusion may be deduced from the formula

r A

= = . —— == the area gb, if the increment of the
b4 Sy A
7\
time be equal to ge. For the same reasons, —_—=1 — T%"T

= the area gb, if the increment of the time be repre-

) T ry A
sented by ge. Hence gb—gb _.——--—— — T = nE X
ghb—gb ¢ ry t :
and 25 XTI T e T == that part of the whole

area gb by which it.is made to exceed its proper magnitude;

mrtA

and = the minutes contained in the error which we

28y —1
are investigating. - If, for instance, the latltuee be 52° 12/, and
the declination 2°, both of the same kind, and one of the alti-
tudes be taken at the distance of 5°, the other at the distance of
10°, from the meridian, this error will amount to +5s5th part
of the whole difference betwixt the real and the assumed
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latitude. Hence, if this difference be ten minutes, the error in
the approximation will not be more than %th part of a second;
and, if the difference be one degree, the error will only be six
times greater than in the former case. It will therefore always
be inconsiderable, except when the latitude and declination are
nearly equal, and on the same side of the equator.

But, if this cause should be likely to produce an effect of some
importance, we may prevent it by computing an incremental
area with the least altitude likewise, and the latitude increased
or diminished by a minute, and then taking a mean betwixt
them both for the magnitude of the area gc. Thus we
shall generally obtain a conclusion sufficiently exact; but, if
we are desirous of rendering it perfectly so in every instance,
we must divide the difference betwixt the real and apparent in-
tervals, in such a manner that the areas assigned to the two
observations may be to each other in the same ratio as their
correspondent incremental areas. This division awill be readily
dispatched by making the difference betwixt the logarithms of
the two first terms, in the proportion (taken from the 1st table)
equal to the difference betwixt the logarithms of the two last,

e . . : 3
which are given when either of the formule m* — 58—";- e

ym cos. of merid. alt, (u)
> 7 cos. of declin. (8’

the first method of computing the area g ¢ be adopted. Suppose
that a and b, representing the logs. of the areas gb and gb in
the table, appear from inspection to exceed each other nearly
as much as the logs. of the areas g¢ and gc; let ¢ and d be the
two next terms in succession, and let m and n be the logs. of
the quantities expressing the incremental areas; then will

or is employed ; but must be found, if
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a~b~c~d:a~b~m~mn::a~c: the quantity to be
added to, or subtracted from, a, to make it of the required mag-
nitude. We have then only to subtract m from this corrected
value of a, to proceed with the remainder to the second table,
and take out the corresponding error in the assumed latitude.
This precaution, however, can very seldom be necessary; and,
even when it is deemed advisable to adopt it, the division may be
performed with so little regard to exactness as to render the
process easy and expeditious.

But we are not to conclude that, because this inaccuracy, and
also the two first species that were considered, are likely to be
introduced, when the latitude and declination are nearly equal
and of the same kind, they will therefore unavoidably exist in
these circumstances. On the contrary, they may always be pre-
vented, when the weather is favourable, by making the observa-
tions within a smaller distance from the meridian. We have
only to wait till the increase of the sun’s altitude becomes so
slow as not to produce a visible separation of the limbs in two
or three seconds, and then we may be assured that the azimuth
is small, and consequently that none of these errors will be consi-
derable.

I have hitherto supposed that this method is only to be
adopted, when the sun, at each observation, is within fifteen de-
grees of the meridian; or (to speak more accurately) when
both the azimuth and the hour-angle are so small that we may
consider their tangents as bearing a given ratio to each other ;
and, indisputably, these limits should never be transgressed,
when it can possibly be avoided; for we have seen (page 7gth)
that, whatever be the method employed, the smaller the
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hour-angle, the greater is the exactness with which the lat. is
determined. Sometimes, however, it will be impossible to make
both, or perhaps either of our observations within the distance
which I have recommended; but, even in these cases, our
rule may be conveniently applied. It has already been demon-
strated that we can never be subject to any material error in
consequence of the inequality of the areas gb and gb, except
when the zenith-distance of the sun, at his meridian altitude, is
very small ; and, for this case, an effectual remedy has been pro-
vided. We need not, therefore, make any farther remarks
upon this species of inaccuracy.

But perhaps it will be imagined, that because we still continue
to suppose the areas of the « figura tangentium” to represent
the increments of the latitude, a considerable error will be in-
troduced. We can easily prove, however, that in consequence
of the increment of the time being so much diminished by
increasing the distance from noon, this error will seldom be of
moment enough to claim our attention. Let T be the tangent
of the azimuth, and = the tangent of the hour-angle at the ob-
servation farthest from noon; then it follows, from what has
been demonstrated before, that the ratio of gb to gc will ex-
ceed the ratio of GB to GC, and, consequently, the ratio of

gb to gc, (supposed to be of a proper magnitude,) by m . m-w: =
rs’lf_z_’rs L. Hence it is evident that, by diminishing one of

these ratios and increasing the other, as we are directed in the
present case, till they become equal, we augment the latter by a
portion of this difference expressed by 'T.:?’ and, on this ac-

m—1 ¢ T4 z2rs L

count, it will be made too great by m .—— . iy e
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But the ratio of gb to gc will itself exceed the ratio of GB to

‘m—1 y42rs
2 fosy—r *

GG, its propef value, by m . L; and, by the me-
thod of equalizing the ratios, it is suffered to retain a portion of

this difference expressed by T:—F; and, therefore, it will be

. m—1 7 y+ 27rs g
made too g}*egt by m.——. 555 - 5 —5 L The sum of
. — tT :
these quantities, m . ——— . —=2 - t2rsl Iyt

2 ‘100000 " t47 ° sL—r Sy —1r

will determine, in minutes of a degree, the amount of the whole
error, when the incremental area g¢ represents one minute of
latitude. But if, in our second hypothesis, the latitude be varied
n minutes, instead of one, and p be the correction required, the

n 29 1 tT 4+ 2rst +
* 100000 "t ST — 1

above expression becomes p . 2 —

Tyt 2rsy
Sy =1

the declination is 2° north, and the sun’s distance from the me-
ridian at one observation is °, and at the other 45°, p being

minutes. Hence, in the lat. of Cambridge, when

equal to 10, and 7z equal to unity, the error will amount to little
more than half a second.
But, whenever it is judged necessary to guard against this

species of error, we need only diminish the value of E—E—f in the

last expression; and this will readily be effected by dividing
the difference betwixt the real and computed intervals of time,
in such a manner that the portions belonging to the two obser-
vations may be to each other inversely as the quantities taken
out of the fourth table, according to the instructions before deli-
vered. When the portion belonging to the greatest altitude is
thus obtained, we can immediately deduce the correction to be
made in the first assumed latitude, and then proceed to calculate
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the incremental areas. Let us suppose, for instance, the difference
betwixt the intervals to be ¢, and the quantities deduced from the

4thtable to be a and b; then will ﬁ—%— = the minutes by which

the former latitude is to be varied. ;

If, however, there be any considerable uncertainty respecting
the latitude, I would recommend the following method of ob-
taining an approximate value of it, before we begin the process
for investigating its real magnitude. This will effectually. pre-
clude, in almost every instance, the various errors that have
been described. The increment of the altitude is equal to )\Sz,
and, therefore, When the azimuth is so small that its sine varies
nearly as the arc, the whole increase of the altltude, whilst the

, the

g%l

sun is moving to the meridian, will be xz x -—f—- =
sine of the hour-angle being considered as equal to the arc 1tself
Now the first of the two tables Wthh have just been explamed
wﬂl enable us to find the value of £—, by subtracting the log

cosine of the altitude from twice the Iog. sine of the hour-angle;
and a third table might be added, to furnish us with the whole

SOTSTIN o S . v . .
expression —‘gi——— (according to the mean value of 3. ) one of its

arguments bemg the quantlty £ already determined, and the

other the supposed latitude. It ~might, perhaps, be advisable to
add another column to the ﬁrst of these tables, containing twice
the logarlthmlc sine of the hour—angle, as this would in some
measure abridge the operation. We should find it more conve-
nient too, if the last table were to give us the complement of the

N
arc whose value is g £ 7 rather than the arc itself; because it

MDCCXCIX. 0O
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would then only be necessary to subtract the observed altitude
from this complement, and we should immediately deduce the
zenith distance of the sun, when he had arrived at the meridian.
This being ascertained, we should have no farther difficulty in
finding the latitude to be adopted in the subsequent computatlon
The exactness of the conclusion which is derived from this pro-
cess, will necessarily depend upon the degree of certamty with
which the time is given when the observation is made. An error
in time may arise, both from an 1rregular1ty in the going of the
clock and a small inaccuracy in estimating the difference be-
twixt the longitude of the place where the altitude is now taker,
and that where the time was last determined ; but these causes,
it is evident, can seldom be very considerable. We may gene-
rally, I think, be sure of the time within two or three minutes.
The principle upon which this approximation depends will
open to us a more compendious way of finding the area gb, and
which may always be pursued with advantage, when one of the
altitudes can be taken at a small distance from the meridian. In
the higher latitudes, indeed, the hour-angle may amount to five
or six degrees; but, when the latitude and declination approach
towards an equality, and are of the same denomination, this angle
must be restrained within narrower limits. If, instead of deducing
the meridian altitude from the altitude observed, according to the
directions before given, we consider it as being actually equal
to the meridian altitude, and employ the latitude resulting from
this hypothesis in computing the hour-angle, this angle must
necessarily be found equal to nothing. 'We may, therefore, spare
ourselves the trouble of performing this part of the operation,
and need only calculate the time belonging to the second obser~
vation, which is supposed to be made when the sun is at a greater
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distance from the meridian. The error in the assumed latitude
will, in this case, be equal to the whole increase of the altitude
betwixt the time of observation and noon; and from this consi-
deration we may be enabled, in any particular instance, to dis-
cover at what distance from the meridian this plan may be safely
adopted. 'We can extend it also to any number of observations:
that happen to be made within the proper limits, by connecting
them successively with one on the opposite side of the meridian,
and thus determining the areas g b corresponding to each. Hav-
ing afterwards calculated an incremental area with any of the
assumed latitudes varied one minute, we must subtract its loga-
rithm from the logarithmic value of each of the areas gb, and we
shall discover, by means of the second table, the correction to be
applied to each of the supposed latitudes.

But the method which has just been explained might always
be safely adopted, within the limits prescribed to the former
rule, if, in computing the incremental area, we were to employ
the latitude obtained by means either of the gd and 4th, or of
the gd and sth tables. 'This precaution would entirely prevent
the error which might arise from the inequality of the ratios
of GC to GB, and g¢ to gb, when the difference betwixt the
real and the assumed latitude was very considerable. The
error which is occasioned byb the disparity of the hour-angles,
might be obviated by the same means that were practised in the
first method. There is only one objection, indeed, to this rule’s
being exclusively adopted, when either of the altitudes is taken
within the distance at first recommended. It would be neces-
sary, in that case, to extend the table much farther than we
are obliged to do, if we adhere to the former rule; but the
labour is so much abridged by this plan, that I am doubtful

Oz
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~whether its advantages might not be more than sufficient to com-
pensate this inconvenience. The table should at least be carried
to such a length as would enable us to procéed in this manner,
whenever an observation was made within five or six degrees of
the meridian.

I must not forget to observe, before I conclude the theory, that
although I have directed the altitudes to be taken on different sides
of the meridian, it is by no means requisite that we should inva-
riably adhere to this precept. "We Have seen the reason, indeed,
Why it is expedient, in most instances, to prefer this method, as
being generally calculated to produce a much greater degree of
exactness in the result. T his, however, ‘is not always the case:
for, if one of the observations be made beyond the distance
originally prescribed, it is of little importance whether the
second altitude be taken on the same side of the meridian, or
not. But it will sometimes be impossible to make the observa-
tions on different sides of noon; and hence it becomes necessary
to inquire in what mannér the real latitude may be discovered in
these circumstances. The clock gives us the interval betwixt the
observations equal to ae — a¢; and by computation we find ag
and ag, and thence we deduce eg — eg, the difference be-
twixt the errors in time. Having then assumed, without any
regard to accuracy, two portions of time, corresponding to the
-two observations, whose difference is the same as the difference
betwixt the errors before determined, and which are to each
other in the inverse ratio of the hour-angles, we must increase
or diminish them both equally, till we get the areas in the first
table of the same magn‘itude, and then we may conclude that
we have obtained the proper value of each. The directions
which have been given for the prevention of errors in the
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former case, when the altitudes are taken on differentksides of
‘the meridian, are very easily accommodated to .the present;
and it would therefore be superfluous to bestow any farther
consideration upon them.

From a review of the inaccuracies to which this method, in
particular cases, may be liable, it appears that none of them
can ever be of sufficient importance to affect the mariner.
If he only computes the time with each of the altitudes and
the latitude by account, and an incremental area with the
greatest altitude and the former latitude varied ten minutes,
the correction will generally be deduced within much less
than a second, and, in the most unfavourable circumstances,
within a minute, of the truth. But the astronomer, in every
instance, even when the latitude and declination are nearly
equal and of the same kind, by adoptlng the precautions
which have been recommended, may be assured of a result
perfectly exact. If, however, he should entertain any doubts
upon this point, he might easily compute a second value of the
incremental area with the latitude already determined; and
this, it is evident, would necessarily produce a conclusion not
less accurate than if it were obtained from the direct method.

The most satisfactory way of proving the-utility of this rule,
will be to suppose a particular latitude and declination; with
these to compute the altitudes, when the sun is at two given
distances from the meridian; and thence to deduce the latitude,
by an application of our own principles.

EXAMPLE I.

Let the latitude be 54° 97' 50" north, and the declin, when
the first altit. is taken, 2° 22’ g2”, and, when the second is taken,
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e’ 21’ g5”, (of the same denomination as the latit.) one obser-
vation being made in the morning, when the sun is 5° g' 22",
and the other in the afternoon, when he is 10° 1’ 10", distant
from the meridian, The altitude in the former case will be

found equal to g7° 44 52’; and in the latter to g%° 15’ 20".

Lat. 54° 15’ o" Lat. 54° 16’ 0" Lat. 54° 150"
R — G
Log. of a = ¢,7868838 - 9,7868838 - 9,7820217
— d= 8,6175181 - 8,6175181 - - 8,6146155
— l= 9,9093281 = 99094190 9:9093281
— d ] = 18,5268462 - 18,5269371 = 18,5239436
am?
iy = 21,2600376 21,2599467 - 21,2580781
I
— ad”;3 ? = 10,6300188 - 10,6299733 = 10,6290390
Log. tang. = 10,6177463 - 10,6176983 xo,6167o§4
2 X log. tang. = 21,2354026 - 21,2353966 21,2334188
Log. of r = 8,6178915 - 8,6178915 = 8,6149839
— 5= 10,1427296 -’ 10,1429961 10,1427296
Computed log. of y = 9,9961137 - 9,9962842 - 9,9911323
True — = 9,9983068 - - - - 9,9933253 -
Area gb = 21931 - 9,9961137 - Area gb = 21930

Observation 1st,

—

Area gc = 1705

Observation 2d.

Hence, %: 21?2; = 12’ 51", and latit. = 54° 27’ 51".
';» L a rm3 . _
If we employ the formula - = m*— — . —= in com

puting the area gc¢, we shall obtain, very nearly, the same
result.
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Log. of r = 8,6178915

S

— 5§ ==10,1427296
— y= 9,9961139

— sy==120,1388435

rm3
Sy
— = = 9,2895240

Log. cosine = g9,9933560

—

== 18,4/790480

19,9867120
Const. log. = g,1015
Log. s = 10,1427296

2 x log. cos.

H

— gc= 32309416
— gb=4,3410188

Difference = 1,1100772, producing in tab. ed. 12/ 52"

Lat. corrected = 54° 2%’ 52"

But there is no occasion to write down the logs. of 7, s, and 4,
again: we may add together the logs. of s and y, and subtract
their sum from the log. of »m* at the same time, as they stand
in the former operation, and this will render the latter process
extremely short. Let us resume the preceding example, and
compute the area gb by the second method, and the area g¢

3
by the formula m* — L= . 2.
sy m
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Complement of alt. 52° x5’ 8"

Observation 1st, Observation 2d. Declin. z 22 3z
Lat. 54° 37' 40", Lat. 54° 37' 40". e
————— Lat. 54 37 40

Log.of a = ¢,7820217

— d = 8,6146155
— 1= 99113753

am?
— == 21,2560309
amd|y
di
Log. tang. = 10,6156259

e
>

= 10,6280154

—

/ ‘w :
z x log. tang. = 21,2312518 Log. df—’;—n-::- =18,4711836

I
Log. r = 8,6149839 :':3}‘ = 92355918

— §= 10,1487823 Log. cosine = 9,9934771

D e

Computed log. ¥ == 10,0000000 - « =~ " 9,9950180 2 x log.cos. = 19,9869542
True - = 9,9983068 - - - 9,9933253 Const. log. = 3,1015

er——r— B S PESE——— D ———

Area gb = 16932 Area gb = 16927 Log. area gc = 3,237
: gb + gb=33859
Mean value of g b = 16929
‘Whose log. (from -
tab. 1st) - = 4,229

ge = 3237

Difference = 1992 producing from tab. 2d - .- = - 9’ 49"
Lat, corrected = 54° 27 51"

EXAMPLE II.

Let the real latitude be 10° o’ 0", and-the two observations
be made on different sides of noon; one when the sun’s dis-
tance from the meridian is 5° o’ 0", and the other when his
distance is 10° o’ o”; the declin. in the former case being

740" 40", and in the latter 7° g9’ 43", of the same kind as the
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latitude. Then will the greatest altitude be 84° g’ 28", and
the least 79° 50’ 48"

Observation-1st. ‘Observation zd.
Lat. 10°16'0"  Lat. 10° 9’ 0% Lat. 10%10" 0"
Log. of @ = 9,9980259 - g,9980259 - - - 0,0931449
—  d= 9,1258124 - 9s1258124 - - 9,1249212
—= L= 9s2467746 -  9s2460695 - - -  9,2467746
am?’ : ‘
5 = 21,6254389 -  21,6261440 - - 21,6214491
1
—— ad"lﬂ"‘ = 10,8127194 - 10;8130720 = - 10,810724§
Log. tang. = 10,8075134 -  10,807874% - - 10,8054699
2 x log. tang. = 21,6150268 - z1,6157490 - - 21,6109398
Log.of r = 0,1297233 - 9,1297233 - - = g,1288160
—— 5= 9,2530477 T 9s2529200 - - 952530477
Computed log. of y = 99983978 - 9,9983923 - - =  9,9934035
True —— = 9:9983442 - - - - 9:9933515
Areagb = 536 9,9983978 Areagb=7s20
Areagec =355
b . 8
€24 8> — 5o8. Hence, correction = -55-25—-~= 9' 84", and lat.

corrected == 10° o’ 26”.

The difference, however, betwixt the real and the corrected
lat. would only have amounted to 19", if we had determined
the area gb by the 1st table, instead of taking a mean betwixt
the two areas for its proper value. This error might have been
expected from the near approach of the lat. to the declin. and
ought therefore to have been guarded against. It proceeds
from the three causes of inaccuracy which, I have shewn, must
necessarily be combined in these circumstances. The remedies

MDCCXCIX., P
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to be applied are well known. We must find an approximate
value of p (page 89) by means of the gd and 4th tables, and
compute an incremental area with the least, as well as with the
greatest altitude. If this plan had been pursued, the latitude
would have been ascertained within less than a second of the
truth. Or, if the weather had been favourable, we might have
prevented the error as effectually, by making the observations
when the hour-angles were much less, and approached nearer
to an equality.

N. B. The log. sines and tangents of the declin. and lat. to be
employed in all the operations should be taken out at the same
time. But, when the first method of computing the incremen-
tal area is adopted, we may avail ourselves, with considerable
advantage, of the following expedient. - Instead of taking the
whole log. sine and tangent of the new lat. take the increments
of each, or the difference betwixt their respective values in the
two suppositions; and find the increment of the log. tangent

) L
corresponding to the increment of the log. secant —%i;i *. This

may readily be effected, when the log. tangent is deduced from
the log. secant in the former process, by taking the rate of in-
crease belonging to each, and thence inferring by an easy pro-
portion the proper increment of the log. tangent in the latter
case. The difference betwixt this increment and the increment
of r is the value of the area gc. An instance of the method
thus improved shall be given in the next example.
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EXAMPLE IIi.

Let us suppose the true lat. to be 54° 2%’ 50", and two obser-
vations to be made in the afternoon—one when the sun’s dis-
tance from the meridian is 4° go’ 0”, the other when his distance
is 45° 10" 15"—the declin. in the former case being 8° %' 357,
and in the latter 8° 5’ g, on the same side of the equator with
the latitude. Then will the greatest altitude be found equal to
43’ 81’ 19", and the least to g1° 20’ 25”.

Observation 1st. Observation 1st. QCGbservation z2d.

Lat. 54° 11' 0"

Observation 2d.

Lat 54° 10’ o* Lat. 549 10/ 0" Lat. 54° 11/ 0*
54 54° 10 54

———— B

Log. of a= ¢,8379894 - = g,7161022
— d= 91503179 -  9,1480707
— 1= 9,9088727 9,9088727
am?’ j
—— =120,7787988 - 20,6591588 Incr.oflog.ofiz= g1z ~ g1z
amis _ 3 s - 4th 6
— 7| =10:3%93994 - 10,3295794 ——log.secant = 456 - 45
Log. tang. ==10,3498734 - 10,2758402 — tang. = §45 - 584
2 X incr. of log. s
2 X log. tang. == 20,6997468 -  20,5516984  tang. - ~=1090 - 1168
Log.of r == 9,1547009 =  9,1524081
—S—— 5 =210,1413981 -~ 10,1413981  Incr. of log.of s = 2662z - 2662

9,9958458
9,9986590

Computed log. of y ==
True m— =

- 98455046
- 9,8481862

Areagb = 28132

Area gb = 26816

— e——

Area gc = 1572..8C = 1494

Now, by diminishing gb and gb, till the ratio of gc to gc be-
comes equal to the ratio of g4 to gb, we should get gb = 28126,
' &b 28126
8¢ 1572
tion, and the latitude = 54’ 27’ 53".
But the same conclusion would have been obtained indepen-

P2

and gc = 26735. Hence

==1%' 53" the correc-
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dently of the second incremental area, which I have demon-
strated above can never be necessary, except when the zenith
distance at noon is very small. The error of three seconds arises
from a different cause, and might have been entirely excluded
with the assistance of the gd and 4th tables. We should, in
fact, deduce from these tables an approximation of 22’; and, if
we calculate the area g¢ with the lat. 54° g2’ o”, it will be
found equal to 34762,kan~d consequently —2%%2— = 48,62, which,
multiplied by ee, produces 17’ 49",64 for the correction, and
the lat. is found = 54° 27’ 49",64.

It would have been still better, however, to have obtained a
near value of the lat. in the first instance, by means of the gd
and sth tables. The work might have been dispatched in
rather less time, and the conclusion would have been as rigidly
accurate.

It is obvious that, if the time when the first observation was
made could have been ascertained within two or three seconds,
the area gb might have been immediately found by either of
the two methods which have been explained, without the assist-
ance of a second altitude, or of the first table; and the latitude
determined with much greater facility, and with sufficient ex-
actness. When the ammuth indeed, as in the present case,
does not exceed four or five degrees, an error of a second in
time will not produce an error of more than a second in the
result; and, as the azimuth decreases, the error in latitude,
arlsmg from a given error in time, will be diminished in the
same proportion. In general, if 2 be the error in the assumed
time, the error in the corrected latitude will be nearly equal to
15 Taz.
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Let us then suppose the time to be given-at the first obser-
vation, and let us determine the area g b by the second method,

m  cos. of merid. alt. (x)
A " cos, of declin. (&),

and the area g¢ by the formula =

Comp. of alt. = 46° 28’ 41"
Declin. = 8 #% g5

Lat. assumed = 54 36 16

Log. of v=g,1015.
- p= 9,8604043

mup =2 2,96 1 97043
Computed log. of y = 10,0000000 ——n

True - = 9,9986591 —  J= 9,9956171
‘ : A= 9,7628420

Area gb = 18409
Log. of area gb = 4,127
— 8¢ = 3,203

Area gc = 38,2084452

Difference = ,924, producing from tab. ed. 8 '23”;-.
Lat. corrected = 54 27’ 52"L.

EXAMPLE 1V,

~ The latitude, which is supposed in the last example to be
54° 27" 50", is that of Ravensworth, a village about five miles
to the north of Richmond, in Yorkshire, where I resided some
months in the summer of 1797. During that time, I neglected
no opportunity of taking the sun’s meridian altitude; and, ac-
.cordingly, the latitude which is there assumed is the mean
result of a considerable number of observations. Moreover, on
the 8th of September, I took, with particular care, four altitudes,
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when the sun was near the meridian ;' and with these I will
now calculate the latitude, in order to apply the 1st and od
tables, and likewise to exemplify the method of combining
several observations together. The two first altitudes were
taken in the morning, one at 19’ 24, the other at 17’ 40"
before twelve o’clock, and were respectively 40° 49’ 6”, and
40° 50" 51”; the two last in the afternoon, one at 1%’ 537,
the other at 19’ 44/ past twelve o’clock, and were respectively
40° 49' 50", and 40° 48 18”. Now the longitude, found by
the eclipses of Jupiter’s satellites, is nearly 1° 40’ west of
‘Greenwich ; and hence the declin. appears to have been, at the
two first observations, 5° 26’ 25", and at the two last, 5° 25" 47"';
the interval betwixt the first and second, and betwixt the third
and fourth, being so small that we may consider the declin. as
remaining constant during each of these times.

Observation 15t. Ohserv. 2d. Observ. 3d. Observ. 4th.
Lat. §4° 2¢' Lat. 54° 29 Lat. §4° 29' Lat. 54° 29

Log. of a = 9,8153538 9,8156096 9,8154610 9,8152367

— d= 8,9768457 8,9768457 8,9760047 8,9760047
— = 9,9105959 9,9105959 9,9105959 9,9105959
am? C rmd

— - =20,9279122 20,9281680 20,9288604 20,9286361 Log. P

1 « b
.._..a‘%a.lz = 10,4639561 10,4640840 10,4644302 10,4643180 -—— rsm3 r" = 9,4150276
! ‘ y :

Log. tang. == 10,4366767 10,4368218 10,4372141 10,4370861 Log. cosine = ¢,9847972

= 18,8300552

2 x log. tang. = 20,8733534 20,8736436 20,8744282 20,8741722 2 X lcos. = 19,9695944

Log.of r = 8,9788063 8,9788063 8,9779578 8,9779578 Log.v= 3,101%
—— 5 = 10,1464648 10,1464648 10,1464648 10,1464648 — § = 10,1464648

Comput. log. ¥y = 9,9986245..9.9989147..9,9988508..9,9985948.  Log.g¢ = 3,218



by Means of two Altitudes of the Sun. 111

1st observation. Time from the argument of 1st table - 18 147, by clock 19 247
: g 4> by 924

4th, 18 26 - 19 44
Near log. value of g b from 1st table 3,296 36 40 39 8
gb 3,276 36 40

2)6,572 Errorin time. = 2z 28

First log. valueof gb - - 3,286
2d observation. Time from the argument of 1st table - 16/ 12", by clock 17’ 40"
3d . 16 40 - 17 53
32 52 35 33
Near log. value of g b from 1st table 3,294 32 52
gb 3,264 —
’ - Error in time = 3 41
2)6,558
Second log. value of gb - - 3,279
Mean s e - - 3;282
Log.valueof ge - - - 3,218

Difference ',064 producing in 2d tab. 1’ 10
Lat, corrected = §4° 27’ 50"

We now take the same example again, and apply the second

mop

i n de-

method of computing the area gb, and:the formula

termining the area gc.
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Comp. of alt. at zd observ® 49° ¢’ ¢”  Comp. of alt. at 3d observ® 49° 10’ 10"

Declin. ~ 5 26 25 Declin, s

v———————

Lat. =54 35 34

Observations 1st and 3d.”  Observations 4th and 2d.

Lat. 54° 35" 57" . Lat. 54° 35" 34"

Log. of a = 9,8153538 = -  9,8152367

13

— d= 89768457 - 8,9760047
— l= 9,9112212 - - 9,9111868

——

. amd

. dl
I
:;T F= 104636434 - - 10,4640226

Log. tang. = 1¢,4363220 - - 10,4367520

P —)

Nt

2 X log. tang. = 20,8726440 -~ - 20,8735040
Log. of r = 8,9788063 - 8,9779578
——  §==10,1483229 ~ - 10,1482204

Computed log. of ¥ 99997732 - - 959996822

True —— = 0,0984422 =~ = 9,9983881 .

Area gb = 13310 - - 12041
Computed log. of I' = 10,0000000 - - 10,0000000

True = 9,9986765 - -  9,9987084
Area gb = 13235 - « - 12016
-gé—-:—g—B = 13272 - - 12928

e e

gb4gb
Log of-gé;i—%--:4,lzzg - - 41115

e g6 =32194 - - = 32194
Difference = ,9039 - - 8921

Hence, correction from i
tab. 2d - = L L - = 748
Lat, corrected = 54° 27" 56" - - 54°27'44"

Mean corrected lat. = 54° 27" 50"

= 20,927286g9 = = 2‘0,9280452"

5 25 47

Mms—————

Lat. = 54 35 57-

Log.v = 31015
— = 98787

mow = 2‘2,9803

— = 9,9980
— A= 0g,7029

— Area gc = 13,2194

e p——c—
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REMARKS.

1. All the altitudes that are taken on the same side of noon,
tend only to correct the error which may be supposed to exist
in the greatest of these altitudes, and can have no effect in
removing afny inaccuracy to which the greatest altitude on the
other side of the meridian may be subject. Hence we must
take more than one altitude on each side of noon, if we are
desirous of obtaining a very exact conclusion.

2. When some of the observations are made in the morn-
‘ing, and others in the afternoon, the smaller the hour-angle,in
every instance, the more favourable it will be for our purpose.
But, if we cannot procure an altitude on each side of the meri-
dian, we ought to make one observation when the hour-angle
is as large as possible, and with this all the rest should be se-
parately combined. 'We must be cautious, however, not to let
the sun be too near the horizon, lest the apparent altitude
should be affected by the uncertainty of the refraction.

g. If the clock were to furnish us with the true time, we
might combine together any two observations made within the
proper limits, without applying to the first table, and deduce a
very exact correction. Should there even be a small error in
the supposed time, we might still proceed in the same manner,
without being liable to any material inaccuracy, provided the
difference betwixt the hour-angles was not very considerable.
The error, indeed, occasioned by adopting this method of find-
ing the two areas, and taking a mean betwixt them for the
value of gb, may easily be determined in any. particular case.
If ¢ and #' be the respective tangents of the smaller and greater
hour-angles, and 7 their difference; % the error of the clock in

MDCCXCIX, Q
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minutes of time; and Z the whole error in the time computed
with the greater altitude; then will the error in the result be
s — t%

to the whole correction of the latitude (L) e stz o

p———

iz tL iz | lyd—da _ i . R -
- trm 2 AxL::7,5xtz:s——£—L. This

2 " 15TA " 2 " igagd

error will consequently be equal to —Z-—S-f;-z-, and hence it ap-
C 8 e —

v
pears that, if we had pursued this method in the last example,

and there had been an error of a minute in the time given by
the clock, there would not have been an error of a single se-
cond in the conclusion.

4. If the time were determined by equal altitudes, and one
of them were to be employed in computing the area gb, itis
manifest ‘that we should entirely exclude the error which has
just been considered. It would be necessary, however, in
order to correct by the second observation any inaccuracy that
may have occurred in reading off at the first, to move the index,
and then bring it apparently to the same position again, before
we proceeded to take the second altitude.

EXAMPLE V.

On the goth of January, 1799, the following altitudes of the
sun’s lower limb were taken in Trinity College, Cambridge ;
the height of the barometer being 29,6 inches, and of the
thermometer g1 degrees.
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Observed
double alt.
by the

sextant.
39°
40
44
48
50
52
53
55
56
57
57
57
57
57
56
55
53
51
48
45
41
35

22) 1102 556

b

31
48

7
55

5
26
30
40
19
50
20
55
50
28

o

)
15
26

5
38
17
50
10

39 5°
Error of adjust, -

2) 39 51

19

19 55 39
Refra. — parall. z 35

19 53 4
16 18

20 9 22

17 34 13
37 43 35

Assumed lat. 52 16 23
Correction from tab. zd. 3 43

52

Semi-diameter

Assumed merid. alt.
Mean declin.

True lat.

1z 42

35" 10"

Time from
Time by the noon by the

clocks
11h 21 o
20 §1
26 49
29 13
31 1
33
34
36
38
41
43
46
48
49
51
53
55 2
57 44
59 46
iz 2 9
4 24
8 20

Const. log. 4 log. rad. -
Log. cos. merid. alt.

Ewomc—

sun.

115

Lat. from each

pair of corres

Log. cos. of the sponding al.
hour-angle. titudes.

23'40"  9,9976800 §52° 12 39"
20 49 8200 46
17 §1 8681 45
15 27 go12 44
13 39 9229 40
11 40 9437 41
10§ 9579 41,
7 54 9742 43
5 44 9864 38
3 36 9946 41
0 46 9999 41
z o 9983 41
3 32 9948 41
519 9883 38
6 51 9806 43
8 20 9713 41
10 22 9556 41
13 4 9295 40
15 °6 9057 44
17 29 8735 45
19 44 8388 46
23 40 7680 39
22) ,2034190
9:9992463

Are;lgb = 7537
Log. gb = 3,8772

13,1018
9:9726

23,0741

Declin.  9,9793
Lat. 9,7867

s

Log. g¢ = 3,3081

Log. gb—log. gc.= ,5691

not less accurate than the mean result from 22 meri-

dian altitudes.

Qe
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This process will require very little explanation. The first co-
lumn contains the observed double altitudes, as they were read
off from the sextant; the second contains the corresponding
times given by the clock; the third contains the times from
noon determined, with sufficient exactness, by taking half the
interval betwixt the first and last observations, (in which the
altitudes are equal,) and supposing this to be the time elapsed
betwixt the first observation and the sun’s reaching the meri-
dian. The fourth column is formed of the log. cosines of the
hour-angles taken immediately from the argument of the first
table; and the last column exhibits the latitudes deduced from
every two corresponding altitudes, and is intended to shew the
agreement betwixt these results.

It is not necessary that we should employ the tables in this
operation : for we may take the log. cosines of the hour-angles
from TavLor’s Logarithms, after the time is reduced into de-
grees, minutes, and seconds; and, by dividing the area gb =
#5397, by the area g¢ = 203, (the natural number belonging to
the log. 3,3081,) we shall obtain the correction required.



TABLE 1.

o 127 o024 o 36" o 487 i’ o 1t 12’ 24" 036" 148 2 o 2" 12"

999{z.2 | 2.2 | 2.2 ]13.3|3-3[13.313-313.313-313-313.3|

16° o' 8941 {4342 | 7372 908.892 | 036.014 [ 136.108 (] 217.185 | 287.240 | 348.304 | 401.352 | 450.355 {| 494-434
— 8 923 |43.42 | 73.72 | 912.896 039.018 | 139.112 |} 221.189 | 290.253 | 351.308 405.356 | 453.399 | 497.438
16 905 | 43-43 | 74.73 1916899 | 043.022 | 143.116 ] 225.192 | 294.256 | 354.312 | 408.360 | 457.403 || 501.441

24 887 [ 4443 | 7473 | 919903 | 046.025 | 146.120 || 228.196 | 297.260 | 358.315 | 411.364 | 460.407 || 504.445
32 869 | 4444 | 7473 | 922.907 | 050.029 | 150.123 || 231.200 | 301.264 | 361.319 | 415.368 | 463.410 || 507.449
40 850 | 44-44 | 75.74 |926.910 | 053.033 | 153.127 || 235.203 | 304.267 | 365.323 | 418.371 | 466.414 || 510.453

48" 832 | 45-44 | 75.74 | 929-914 | 057.036 | 156.130 |} 238.207 | 307.271 | 368.326 | 421.375 | 470.418 || 514.457
56 813 [45.45 | 75-74 | 933.918 | 060.039 | 160.134 || 241.210 | 311.275 | 371.330 | 425.378 | 473.427 || 517.460
4 795 | 45-45 | 76.75 1936.921 | 063.043 | 163.137 || 245.214 | 314.278 | 374.334 | 428.382 | 476.425 |} 520.464

12 776 {4645 | 76.75 | 940.924 | 067.046 | 166.141 || 248.217 | 317.282 | 378.337 | 431.386 | 479-429 ]! 523.467
20 757 |46.46 | 76.75 | 943.928 | 070.050 | 169.145 || 251.221 | 321.285 | 381.341 | 434.389 | 483.432 || 526.471
28 737 [46:46 | 77.76 1946931 | 073.053 | 173.148 || 254.225 | 324.289 | 384.344 | 438.393 | 486.436 || 530.475

36 718 [ 47.46 | 77.76 | 949.934 | ©077.057 | 176.151 || 257.228 | 327.292 | 387.348 | 441.396 | 489.439 || 533.478
14 699 | 47.47 | 77-76 | 952.938 | 080.000 | 179.155 1l 261.231 | 330.296 | 390.351 | 444-400 | 492.443 || 536.482
52 679 [47-47 | 78.77 1956.941 | 083.063 | 182.158 || 264.235 | 333.299 | 394-354 | 447.403 | 495-446 1] §39.485

o 659 [48-47 | 78.77 | 959-944 | 086.007 | 186.101 ] 267.238 | 336.303 | 397.358 | 450.407 | 498.450 || 542.489
8 639 | 48.48 | 78.77 | 962.947 | 090.070 | 189.165 || 270.241 | 339.306 | 400.361 | 453.410 | 501.453 || 545.492
16 619 | 48.48 | 79.78 |965.951 | 093.073 | 192.168 || 273.245 | 343369 | 403365 | 456.413 | 594-457 || 548.495

24 599 | 49-48 | 79.78 | 968.954 | 096.077 | 195.171 [; 276.248 | 346.312 | 406.368 | 459.417 | 507.460 [ 551.499
32 478 | 49-49 | 79-78 | 971.958 | 099.080 | 198.174 || 279.251 | 349.316 | 409.371 | 462.420 | 510.463 || 554.502
40 558 | 49-49 | 80.79 |975.960 | 102.083 | 201.178 | 282.254 | 352.319 | 412.374 | 465.423 | 513.466 || 557.505

48 537 | 5049 | 80.79 | 978.964 | 105.086 | 204.181 1 286.257 [ 355.322 | 415.378 | 468.426 | 516.470 || 560.509
56 516 |50.49 | 80.79 980.967 | 108.090 | 207.184 || 288.261 | 358.325 | 418.381 | 471.430 | 519.473 |} 563.512
4 495 | 50-50 | 80.80 | 984.970 | 111.093 | 210.187 || 291.264 | 360.329 | 421.384 | 474-433 | 522.476 || 566.515

12 474 | 51.50 | 81.80 | 987.973 | 114.096 | 213.190 || 294.267 | 303.332 | 424.387 | 477.436 | 525.479 ]| 568.518
20 453 | 51.50 | 81.80 | 989.976 | 317.099 | 216.193 || 297.270 | 366.335 | 427.390 | 480.439 | 528.483 [} 571.522
28 431 | 5151 81.80 | 993.979 | 120.102 | 219.196 || 300.273 | 369.338 | 430.394 | 483.442 | 531.486 || 574.525

36 410 | sr.51 | 82.81 | 996.982 | 123.105 | 222.199 || 303.276 | 372-341 | 432.397 | 486.445 | 534.489 || 577.528
44 388 | 52.51 | 82.81 | 998.985 | 125.109 | 225.202 |} 3¢6.279 | 375.344 | 435.400 | 488.449 | §36.492 || 580.531
52 366 | 52.51 | 82.8i |001.988 | 129.111 | 228.205 || 309.282 | 378.247 | 438.403 | 491.452 | 539495 {| 583.534

o 344 | 52.52 | 83.82 | 004.991 | 131.114 | 230.208 |} 312.286 | 381.350 | 441.400 | 494.455 | 542.498 ] 585.537
8 322 |53.52 | 83.82 | 007.994 | 134.117 | 233.212 || 314.288 | 383.353 | 444.409 | 497.458 | 545.501 |} 588.540
16 300 |53-53 | 83.82 | 010.997 | 137.120 | 236.215 || 317.291 | 386.356 | 446.412 | 500.461 | 547-5041| 591.543

24 277 | 53-53 | 83.83 | o12.000 | 140.123 | 239.217 || 320.294 | 389.359 | 449-415 | 502.404 | 550.507 || 594.547
3z 255 | 53-53 | 84.83 | 015.003 | 142.125 | 242.220 [ 323.297 | 392.362 | 452.418 | 505.467 | 553.510 | 596.549
40 232 | 54.53 | 84.83 | 018.006 | 145.129 | 244.223 || 326.300 | 304.365 | 455-421 | 508.470 | 555.513 || 599.552

48 209 |54.54 | 84.83 |021.009 | 143.131 | 247.226 || 328.303 | 397.368 | 457.424 | 510.473 | 558.516 || 602.555
56 186 | 54.54 | 85.84 |oz24.011 | 151.134| 250.229 |} 331.306 | 400.371 | 460.427 | 513.476 | 561.519 || 604.558
2 163 | 55.54 | 85.84 | o0z7.015 | 154.137 | 252.232 || 334.309 | 403.374 | 463.430 | §16.479 | 563.522 || 607.561

12 139 | 55.54 | 85.84 |o029.017 | 156.140 | 255.235 11 336.312 | 405.376 | 465.432 | 519.481 | 566.525 [[610.564
20 116 | 55.55 | 85.85 | 032.020 | 159.142 | 258.237 || 339.314 | 408.579 | 468.435 | 521.484 | 569.528 || 612.567
28 09z | 55.55 | 86.85 | 035.022 | 162.145 | 261.240 ([ 342.317 | 411.382 | 471.438 | 524.487 | 571.531 || 615.570

36 068 | 56.55 | 86.85 |037.025 | 164.148 | 263.243 || 344.320 | 473.385 | 473.441 | 526.490 [ 574.534 ][ 617.573
44 o044 [ 56.56 | 86.85 | 040.028 | 167.151 | 266 246 |} 347.323 | 416.388 | 476.444 | 529.493 | 576.536 || 620 576
52 ozo | §6.56 | 86.86 | 043.031 | 169.154 | 268.248 || 349.326 | 418.391 | 478.446 | 531.496 | 579.539 || 622.578

0 7996 | §6.56 | 87.86 | 045.033 | 172.156 | 271.251 || 352.328 | 421.393 | 481 449 | 534.498 | 582.542 || 625.581
8 972 [57.56 | 87.86 | 048.036 | 175.159 | 274.254 || 355331 | 424.396 | 483 452 | 537.501 | 584.545 | 627.584
16 047 [ 57-57 | 87.86 | 050.039 | 177.162 | 276.256 || 357-334 | 426.399 | 486 455 | 539.504 | 587.547 || 630.587

24 922 | 57.57 | 88.87 | 053.041 ] 180.164 | 279.259 || 360.336 | 429.401 | 489 457 | 542.507 | 589.550 || 632.590
32 910 | 58.57 | 88.87 | 056.044 | 182.167 | 281.262 || 362.339 | 431.404 | 491.400 | 544.509 | 592.553 || 635.592
40 885 | 58.57 | 8887 | 058.046 | 185.169 | 284.264 || 365.342 | 434-497 | 494-463 | 547.512 | 594.555 || 637.595

48 860 | 58.58 | 88.88 | 061049 | 188.172 | 286.267 || 307.344 | 436.409 | 496.465 | 549.515 | 597.558 [[ 640.598
56 835 | 58.58 | 88.88 | 063.052 | 1g0.175 | 289.270 || 370.347 | 439.412 | 498.468 | 551.517 | 599 561 || 642.600
4 809 |58.58 | 8988 | 066.054 | 103.177 | 291.272 ] 372.349 ! 441.414 | 501-471 | 554.520 | 602.563 || 645.603

1z 784 | 5958 | 89.88 | 068.057 | 195.180 | 204.275 || 375.352 | 444417 | 503.473 | 556.522 | 604.566 |[ 647.606
20 758 | 5959 | 8988 |o71.059 | 198.182 | 296.277 {} 377.355 | 440.420 | 506.476 | 559.525 | 606.569 || 650.608
28 732 15959 | 90.89 | 073062 | 200.185 | 299.280 || 380.357 | 448 422 | 508.478 | 561.528 | 609.571 || 652.611

trrrrsrrrrrresrrrrrrsrrrrrrrsirrritstbtirrtsitettistiediey

36 706 1 56.59 | 90.89 | 076.064 | 202.188 | 301.281 || 382.360 | 451.425 | 511.481 | 563.530 | 611.574 || 654.614
44 680 | 6059 | 90.8g | 078.067 | 205.190 | 304.285 || 385.362 | 453.427 | 513.483 | 560.533 | 613.576 || 657.616
— 52 654§ 60.60 | go.go | 080.070 | 207.193 | 300.288 || 387.365 | 455.430 | 515.480 | 568.535 | 610.579 || 659.619
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588.520

648.563
651.572
655.576

679.594
682.597
685.601

707.617
711.621

714.625

-735.639

738.643
741.647

761.659
764.663
767.667

785.678
788.683
792.686

809.697
812.701

815.705

14457

17.460
20.464

554492
557-495
562.499

591.523
594-527
597-531

658.580
661.584

664.587

688.605
692.608
655.613

717.628
720.632
723.636

744-651

747-654
750.658

770.671
773-675
776.679

795-690
798.694
801.698

818.709
821.712
824.716

23.467
26.471
30-475

563.502
567.506

§70.510

601.535
604.538
607.542

667.591
670.595
673-598

698.616
701.620
704.624

726.640
729644
732.647

754.662
756.666
760.669

779:683
782.686

785.690

804.702
807.706
810.710

827.720
830.724
833728

33-478
36.482

39-435

573-513
576.517
579-520

610.545
613.549
616.552

677.602
680.606
683.609

707.627
710.631

713.635

735-051
738.655
742.658

763.673
766.677
769.680

788.694
791.697
794-701

813.713
816.717
819.721

836.732
839.735
842.739

$2-489
£5-492
£8-495

582.524
585.527
588.531.

619.556

622.559
625.563

686.613
689.6016
692.620

716.638
719.642
722.645

744.662

747-665
750.669

771.684
774.688
777-691

797-705
800.708
803.712

822.724
825.728
827.732

845.743
848.746
851.750

51.499
54.502
57:505

591.534
594-537
597-541

628.566
631.570
634.573

| 694623

697.627
700.630

725-649
728.652

731.656

753.672
756.676

759-679

780.695
783.698
786.701

806.716

809.719
812.722

230-735
33-739
836.742

854.754
856.757
859.761

60.509
63.512
66.515

600.544
603.547
606.551

637.576
640.580

642.583

703.633
706.637
709.640

733.659
736.662

739.666

762.683
765.686
767.68g

789.705
792.708
794.712

814.726

817.729
820.733

839.746
842.749
844752

862.764.
865.768
868.771

58.518
71.522
74-525

608.554

611.557
614.560

645.586
648.589
651.593

712.643
714.647
717.650

742.669
745672
747-676

770.693
773-696
776-699

797-715
800.718
803.722

823.736
825.739
828.743

847.756
850.759
853.763

870.774
873.778
876.781

77-528
30.531
33-534

617.563
620.567
623.570

654.596
656599
659.602

720.653

723.656

726.659

750679
753.682
756.685

779-703
781.706

784.709

805.725
808.728
811.732

831.746
834.749
836.753

855.766
858.769
861.772

878.785
881.788

884.791

85.537
88.540

91.543

625.573

628.576
631.579

662.605
665.608
667.611

+728.663

731.666
734669

758.688
761.592
764-695

787.712
789.716
792-719

814.735
816.738

819.741

839.756
842.759
844.762

863.776
866.779
869.782

886.794
889.798
892.801

94547
96.549
99-552

633.582
636.585

639.588-

670.614
673.618
675.621

736.672
739:675
742.678

766.698

769.
772.

Ol
04

795-722
797-725
800.728

821.744
824.747
827.750

847.765
849.768
852.772

871.785
874.788
876.792

894.804
897.807
899.810

32.555%
24.558
>7.561

641.591
644.594
647.597

678.624
681.626
683.629

712.653
715.656
718.659

744.681
747.684
749.687

774+
777-
779-

o7
10
13

803.731
805.734
808.737

829.754
832.756

834.760

855.775
857.778
860.781

879.795
881.798
884.801

902.814

904.817
907.820

10.564
12.567
15.570

.649.600

652.603
654.606

686.632
689.635
691.638

720.662
723.665
725.668

752.69o
755-693
757-696

782.
785.
787.

16

19
22

810.740
813.743
815.746

837.763
839.766

842.769

862.784
865.787
867.790

886.804
889.807
891.810

910.823
912.826

915.829

17-573
20.576
22.578

657.608
660.611
662.614

694.641
696. 44
699 47

728.671
730.674

733-677

760.699
762.702

765.705

790.
792.
795-

25
28

31

818.749
820.752

823.755

844.771
847774
849.777

870.793
872.796
875-799

894 813
896.816

899.819

917.832
919 835
922.838

25.581
27.584
30-587

665.617
667.620
670.623

701.650
704.652
706.655

735.680
738.682
740-685

767.707
770.710
772713

797-
799-

33
36

802.739

825.758
828.760
830.763

852.780

854.783
857.786

877.802
880.804
882.807

9o1.822

004.825
906.827

924.841
927.844
929.846

32.590
35-592
37-595

672.625
675.628
677.631

709.658
711.661

714.663

743.688
745-691
748.694

775-715
777-719
779-721

804.742
807.745
809.747

833.766
835.769
837.772

859.789
862.792

864794

884.810
887.813
889.816

909.830
911.833
913.836

932.849
934.852
936.855

40.598
42.600

45.603

679.633
682.636

684.639

710.666
718.669
721 672

750.696
752:699
755-702

782.724
784.727
787:730

812.750

814.753
816.756

840.774
842.777
844.780

866.797
869.800
871.803

892.81g
894.821
896.824

916.839
918.842

920.844

939.858
941.861

943.863

47.606
50.608
52.611

687.641
689.644
691.647

723674
726.677
728.679

757-7°4
760.707
762.710

789-732
791.735
794738

819.758
821.761

823.764

847.783
849.785
852.788

873.805
876.808
878.811

899 827
gor.830

903.832

923.847
925 850
927.853

946.866
948.86¢9
950.872

54014
57.616

59.619

694.649
696.652

698.654

730.682

733683
735687

764.712
767.715
769.718

796 740
798.743
801.746

826.766
828.769
830.772

854.791
856.793

- 858.796

880.814
883.810
885.819

906 835
908.838
910.840

930.855
932.858

934.861

952.874.
955.877
957,8801
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Tag. II Tas. I,
— 1,176 | o' 4" N Y Log.of | Log. of
— ,875 ] o 8 B gora.f g~
— 5699 | 0 12 o 1] 89 45 7,64 | 15,28
— 5577 |0 16} ‘e 2|89 30 7594 15,88
— ;477 | © 20 o 3|89 13 8,12 16,24
— 5399 | 0 24 o 4|8 o 8,24 | 16,48
— 533% | © 28. "o 5 |88 45 8,34 16,68
— ,273 | 0 32 o 6188 30 8,42 | 16,84
— ,222'| 0 36 o 71{88 15 8,48 16,96
— ,176 | 0 40 c 8|88 o 8,54 17,08
— 5134 | 0 44 | "o 9187 45 8,59 | 17,18
— 5007 | 0 48 o 10 |87 30 8,64 17,28
— ,062 | 0 52 o 11| 87 13 8,68 17,36
— ,030 | 0 56 c1z2 |8 o 8,72 17,44
5000 [ 1 © 0 13 | 86 45 8,75 17,50.
;028 |1 4 o 14 | 86 30 8,78 17,56
054 |1 8 1o 15|86 15 8,81 17,62
5079 I'1 12 016 | 86 o | 884 | 17:68
»103 | 1 16 | 10 17 | 85 45 8,87 | 17,74
5125 | 1 20 -0 18 | 8530 8,89 17,78
SI46 T 1 24 | "0 19 | 85 1% 8,92 | 17,84
>166 |1 28 | 020 |8 o 8,94 17,88
»186 | 1 32 .0 22 | 84 30. 8,98 17,96
5204 | 1 36 024 |84 o 9,02 18,04
5222 | 1 40 | 026 |83 30"} 9,04 18,10
5239 | 1 44 028183 o 9,08 18,16
5255 | 1 48 0 30| 82 30 9,11 18,22
5271 1 1 52§ 032]82 o 9,14 18,28
5286 | 1 56 0 34 | 81 30 9,17 18,34
5301 | 2 ©
Tas. IV, .
10° | 20° | 30° | 35°] 40°] 45° ] 50° | 55°[ 60°
8,04 || 64| ,61| ,571 ;54| >50| ,46{ 42| ;38,33
8,68 || ;701 ;67| 69| 5591 ;55| »51| ,46| 541,36
871 || 577] 574| 568,64 ,60| ,55| ;50| »45 | ,39
8,75 || 284 580,74 70| 1651 60| ,55| ;49,43
8,78 11 90| ,861 ,791 75| 70| ,65| ;59| »53 | 46
3,81 5971 92 ,85 ,81 578. ’69 ,63 )56 349 .|
8,84 |Ir; o] ,08| ,91| ,86] ,80] ;74| ,67| ,60|,52
8,87 I, I[I, O ,96),9[ ’85 5791 571 ’64 :56
8,89 |1, 211, 11, 0 ,97 590| ,831 ,76| ,681 ,59
8,92 |1, 2|1, 2|1, 1|1, 0| ,95]| ,88| ,80] ,71|,62
8,04 |I1, 3|1, 2|1, 1|1, 1|1, o ,93| ,84]| ,75|,66
8,98 |1, 411, 3l1, 2|1, 2|1, 11, 0| ,93| ,83 372
9:02 |1, 511, 5|1, 4|1, 3|1, 2|1, 1[I, 0} ,90|,79
9:05 |\1, 711, 6|1, 5|1, 411, 3|1, 2|1, 1| ,08),86
9:09- |1, 811, 711, 6{1, 5l1, 4|1, 3|1, 2|1, 1,92
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Tas. V.

| 10° 20° | 30° | 35° | 40° 45° " 50° 55° 60°
p €9° 189°  189° 189° 189° | 8g° 89° 89° .. | 89°
6,463 || 59'30" |59"32" |59 34" |59" 36" |59 38" | 59" 40" | 59"42" | 59 44" | 59' 46"
6,765 | — o |— 4|— 8|]—= 11— 14| 218 | =21 | =26 | Z 30
0,941 11 58 30 {58 35 158 42 158 46 |58 51 | 58 56 | — 2z | — 8 | — I3
7066 |1 — o |— 7 |— 14|~ 22|~ 28| — 35 | 5843 | 5851 |58 59
~7:163 |1 57 30 |57 38 157 49 |57 57 |~ 5| — 14 | — 23 | — 33 | — 45
75242 || — O |— II |— 24 |— 33157 42 |57 53 | — 4 | — 17 | — 30
72309 || 56 30 |56 42 (56 58 |— 8 |— 19| — 32 | 5745 |57 59 | — 12
75367 || — o |— 14 |— 32 {56 43 |56 56 — 100 | =25 | —42 | — o
7418 || 55 30 |55 46 |— 6f— 19 |— 34|56 50 | — & | — 25 | 57 45
7404 | — o |— 18 55 40 f55 54 |— 10 | — 28 | 5647 | — 7 | — 30
75505 |l 54 30 154 49 |[— 14 |— 39 |55 47 | — 7 | — 28 |56 48 | — 13
7>543 | — © |— 21 54 48 |— 51— 145545 | - 8 |—33 5659
7:578 1 53 30 (53 50 |— 22 |54 40 |— 1| — 14 | 5549 | — 16 | — 45
7,010l — 0 |— 25153 56 |— 16 54 38 | — 3 | — 30 [5559 | — 29
7,640\l 52 30 |52 57 |~ 30 |53 §1 |— 15 | 54 42 | — 11 | — 41 | — 1§

EXPLANATION OF THE TABLES.

Tab. I. This table contains two arguments. One is the dis-
tance of the sun from the meridian, which is expressed in hours,
minutes, and seconds; and also in terms of the log. cosine of
the hour-angle. This argument is placed in the first column.
The second stands at the top of the table, and consists of the
minutes and seconds contained in the error of time. The
table itself exhibits the logarithm of the area gb corresponding
to any given error at any particular observation. But it was
necessary to give the log. value of this area in both directions
from the tangent gd, i. e. both when the computed is greater,
and when it is less, than the real interval of time. These two
values are included in the same column, but are separated from
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each other by a point. The first quantity expresses the log.
area in the latter, the second expresses it in the former case.
Thus, for instance, in the fifth column we have 136.108, and
we are to understand that the log. of the area gb is equal to
156, when the computed time is too small; and equal to 108,
when the computed time is too great.

The argument at the top is carried to every twelve seconds
of time, or every three minutes of a great circle; and should be
continued as far as four or five minutes of time for the first
twelve or fourteen degrees from the meridian; as far as three
minutes for the next ten degrees; two minutes for the next
ten degrees; and so on, (the time being diminished as the
tangent of the hour-angle increases,) as far as sixty or sixty-
five degrees, beyond which the table need not be extended.
The argument in the first column should be carried to every
eight seconds of time for the first twelve or fourteen degrees;
and to every twenty seconds for the rest of the table.

Tab. II. This table consists of two columns. The first
contains the differences betwixt the logs. of the area gb and
gc, when the latit. is varied one minute in calculating the in-
cremental area. These differences are negative as far as the
fourteenth, because so far the area gc exceeds the area gb. In
the second column are exhibited the errors in the assumed latit.
corresponding to these differences.

Tab. III, This table is composed of four columns. The
first contains the computed distance in time from noon; the
second the altitude of the sun; the third the log. sine of the
hour-angle, or the log. cosine of the altitude, expressed in the
first column ; and the fourth twice the logarithm in the former
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column, being intended to save us the trouble of multiplying
by 2, when we are ﬁnding the logarithm of ﬁ:——. »

Tab. IV. In this table there are two arguments. One of
them occupies the first column, and consists of the log. sines
of the azimuth, which are found by subtracting . the log. cosine
of the altitude from the log. sine of the hour-angle, as they
stand in the preceding table. The other argument is placed at
the top of the columns, and is formed of the assumed latitude.
The table is designed to exhibit the product of the tangent of
the azimuth multiplied into the cosine of the latit. and into 15;
so that, by taking cut this quantity, and multiplying it into the
minutes contained in the error of time, we may at once deter-
mine how much the assumed latit. is to be varied in computing

the incremental area.
Tab. V. There are two arguments in this table likewise.

That which stands in the first column is the -log. value of -%:-
obtained from the second table by subtracting the log. cosine
of the altitude from twice the log. sine of the hour-angle. The
second argument, which is placed above the columns, is the
supposed latitude. The table itself contains the complement of
the meridian altitude at the place of observation.
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o 12' o' ayf ﬂ‘ !'5" u’ﬂ' Vag 3 248 Ao 2 gt wayt o 36 g o i Yl 5 36 o 43' + 'y
2.2 | 8.3 $-313.3]3.213-3/13.3513-3513-3]3-313-. 3-3 ] 3.3 3.3 3.3 -3

43-42 | 73.72 iﬂﬁsﬂ ﬂ}htg § | #57-249 | 345.304 | 401.352 | 450395 ([ 494434 | 534408 | 571.500 | bob 530 ﬁls-jg Gbg-5%1 | bgR.bog | 725.627 ?5=~'5+:- mm ;rwuu..
4342 | 7372 | 912896 | o3p.01 290253 | 351.308 ﬂ’%ﬂ 453-399 || 497438 | 537.472 | 575.59¢ | 600.534 | G4a.501 (| 672.586 | jot.6og | 728.631 | 754.651 | 779.670 || Boz.688
4343 | 7473 | 916899 | 043022 fg4-E50 | 354302 -360 | 457403 [1 500441 | s40.476 | 578.508 | 6ug.597 | 645.464 || 676550 | 704613 | 732.635 | 757.655 ;rii:.ﬁ;.q Bob.603
+43 | 7473 | 919.903 | ogb.ozs 2g7.260 [ 358.305 | 411364 497 || 524445 | S44-480 | 581502 | Gudgqr | ByB.g08 || 679.504 [ 707.817 | 735.030 | 701.659 g *D*;E;r
4544 | 7473 | 922007 | o002 . joi.zig | 360300 | 415368 | 465400 || sor.p40 | 547984 53;.516 Grg.r45 | G51.572 2.507 | 7rebar | 738.643 | 764.663 ﬁE B1z2.70
4444 | 75.74 | 936900 | 053.033 | 153.127 [ 235203 | 304267 | 365.523 | 48371 | 460.404 || 510.553 | 5510.485 | 588,520 | bzz.549 | 655576 || 685.601 | 7ug.ba5 | 741.647 | 767.667 ;g:xss% 815 ;m,
4544 | 7574 | 920914 | e57030 | 15,030 [fagBaoy | goq.apn | 358320 | 420375 | 470418 SI-H%;' §54-49= | so1.523 ; : v 787.528 | 744651 | 770.671 | 795.690 || 518,709
45-45 | 75-74 sug-mﬂ 060030 | 160134 || 240,210 | 311275 | 370,330 | 425,378 | 473430 || S07.400 ] 557495 | s04-527 720,632 | 747654 ??3'5” 792.604 |l 821712
45-45 | 79.75 1930921 | ob3.043 | 163137 J[ 245304 | 304378 | 174534 | 28382 | 476.425 [] 520,464 | 560,499 | 597531 723.636 | 750.658 | 776.670 | So1.6g4 || B2y 716
4045 | 7675 | 949924 | 087040 | 1bbaagt || 248207 [ 317,292 | 375337 | 430385 | 479429 || 523.457 | 585502 [ 601.533 730.640 [ 754.662 ??g.ﬁﬁg Bog.702 || B27.72
46.40 | 7675 | 943-928 | eyo.oge | 16545l 25nzn | 3an.a3s [ 380340 | 434389 | 433432 || 526471 | 567.506 | g3 729644 ’%if;“ 782.686 | Boz.706 || 830.72
4545 | 77.70 | 946.930 | o73.053 | 173,148 || 254.225 | 324-280 | 384354 | 438.393 438 [l 530.475 | §70.510 | Go7.942 732 760.66g | 785.690 | Bia.71e :
4745 | 77.70 | 949-934 | e77.057 [ 170.050 (| 257,228 | sa7.aez | 387,548 | 440.395 | 480439 || 533479 | §73.513 | 010545 735.051 | 703.673 | 788.094 E'E'?“ .
4747 | 77-76 | 952938 | ofo.obo | 179 045 | 200230 | 330.205 | 392350 | 444400 | 492443 || 535482 | 576507 | Gugsag 738.65 ;H_«,%_ﬁ” 791897 | B1b.r13

4747 | 78.77 | g5b.gqn | 08306y | 182,108 [} 264235 | 333.200 | 304.354 | 447401 | 205 §19.485 | 579.620 | fub.ggz 742.658 | 760680 Brg.rat

4847 | 7877 | 959944 | 086.007 | 186.1LL || 257,233 ;35-333 357-358 | 459.497 | 495450 || 543489 | sBz.52q [ G1g.550 - T44.002

48.48 | 7877 | gba.gy | ogo.oge | 18g.bs || ayaaqn | 335.396 | 490,301 | 453410 | 501453 || 545492 | 595527 | G2z.559 | 656, 747,865

48.48 | 79.78 -B5E | 093073 | 192068 || 274.245 | $43.399 | 4033565 | 450403 | 504.457 || 5494095 | §88.590 | bag.g63 -5 750,660

49. TE.y 954 | opbuogz | 1of.a7n [ 270248 [ 3af302 [ 406,368 [ 450417 [ sor4f0 (551400 | so1.514 | 028566 | 602400 | b2 [ 72 ﬁﬂ ;5&&;:

49-49 | 79-78 | g71.958 | ogg.obo | 1gRayy i 270.290 | 540.306 | 400.371 | 402420 | gro4q6g (| 554502 | §04.537 | G30.570 ﬁg- w9 | 697.627 || 728.652 | 7506.676

49-49 | 8o.79 | 975.960 | 102.087 | 201178 I=3= 254 | 352399 | 492374 | 465-423 | 513466 ] 557,507 | §97.941 | 634573 Goj | 7o0.630 || 731.656 ;rjgﬁ;-g

59.49 | o7 | 974.964 1:&0&5 204181 'g; 355-322 | 415378 | 408.428 | 516470 |[ s60.50g [ Boo.s44 | 637578 | 671606 [ 703.613 ”é:ﬁg 702,68

to4g | So.7g | 930967 | toB.ogo | 2718 aEE 359 325 | 418380 | 470430 | 209473 | 505512 | B03.547 | GpogBo | Grgabog | 7 7ll73 Eé: ?Eg.ﬁlg

go.50 | Bo.bo | 984670 | 111.093 | zi0.187 329 | 421384 | 474-433 | 532476 || 566515 551 | 643.583 | 677615 | 7o 739-666 | 767.689

FE.50 f1.80 I;E;r.w% 114006 | 213190 :q;:&;r 305555 | 424357 | 47430 | 525470 (] 508.518 | bal.55s §-380 [ OBo.b1b | 712.643 || 743.000 ?;a._ﬁ._g.é

srge | Bifo | 989.976 | 117.099 | 21 -13‘% 207.270 | 365.335 | 427.399 | 480,439 | 528483 || 571522 | 611357 | 64 580 | 682610 714647 |l 745.672 | 773.69

B30 | 8o | 93979 | r20.002 | 219.1 3.13'-‘-'1” 360.938 | 430.908 | 483447 | 530485 (| £74.52¢ | Grg.500 | 51993 | 685.6237 | 717.650 || 747.676 | 776.600

gr.5n | 82.81 | gobgBa| 12g.105 [ 222.100 :ng 573340 | 432397 | 495445 | 534489 || 577528 | 6175653 ﬁ;g-saf- HH8. 02k ?mﬁs ?smﬁ?g ??9-?3

g2.51 | 8281 | goB.o8s | 135109 | 235.302 <279 | 375-344 | 435-400 | 488,449 | 530.492 || 580.531 | Sze.ghy | 630.599 | Gg1.62g | 723.650 || 753.682 | 7817

52.51 Ba.Bi | eorgB8 | 129000 | 238,205 -:Hgah 378347 | 438403 | 490.452 | 539495 || §93.514 | 623.570 | 65g.60z | Gg4.032 | 726.050 |j ” .G85 | 784700

5252 | B3.82 |ooqgon | 13001y | 250208 ] 312,280 | 380,350 | 441490 | 494455 | 542498 |[ 585,537 | 625.573 | 00a.005 | 0g0.035 [ 728.605 [ 758.688 [ 787,712
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